A family A ⊆ Sub(X) is called reflexive if A = Lat(Alg(A)), or equivalently, A = Lat(F) for some F ⊆ End(X).
As was shown in [9] , A ⊆ Sub(X) is reflexive iff it is closed under arbitrary unions and intersections and contains the empty set and X. The reflexive families F ⊆ End(X) were also introduced and characterized as those subsemigroups L of (End(X), •) such that L is a lower set and contains all existing suprema of subsets of L with respect to a naturally defined partial order on End(X). The similar work in functional analysis is on the reflexive invariant subspace lattices and reflexive operator algebras [1] [2] [3] [4] [5] [6] .
For any A ⊆ Sub(X), letÂ = Lat(Alg(A)). ThenÂ is the smallest family of subsets containing A which is closed under arbitrary unions and intersections containing empty set ∅ and X, andÂ is finite if A is finite. Furthermore,Â = Lat(F), where F = Alg(A).
It is, however, still not known whether for any finite family A there is a finite F ⊆ End(X) such thatÂ = Lat(F).
In this short paper, we shall answer the above problem. It will be shown that the answer is positive if and only if X is a finite or countably infinite set. For 264 D. Zhao any family A of subsets of a set, we define a cardinal κ(A), which, in a certain sense, reflects how the sets in A are interrelated. This cardinal will be called the reflexive index of A. The reflexive indices of some special families are computed. For instance, we show that if A is a finite chain of subsets of IN (the set of all natural numbers) with more than one member, then κ(A) = 2. Definition 1. Let A be a family of subsets of a set X. The reflexive index of A is defined as
where |F| is the cardinal of F. We shall write κ(A) for κ X (A) if the set X is clearly assumed.
If C ⊆ X and f ∈ End(X) such that f (C) ⊆ C, then we say that C is invariant under f . Thus Lat({f }) is the set of all subsets which are invariant under f . Also note that Lat(F) = {Lat({f }) : f ∈ F} for any F ⊆ End(X).
In the following we shall use IN to denote the set of all natural numbers.
Remark 2.
(
(2) For any g ∈ End(X), where X is an infinite set, Lat({g}) is an infinite family. To see this, consider any a ∈ X. If {g
} is a finite set, then there are infinitely many sets of the form {g
, each of them is a member of Lat({g}). Therefore Lat({g}) is infinite.
Lemma 3. Let X be a nonempty set.
(1) If X is a countably infinite set, then there are two mappings
Proof. First, note that the family {∅, X} is closed under arbitrary intersections and unions, so it is reflexive, i.e. Lat(Alg({∅, X})) = {∅, X} (Theorem 1 of [9] ).
The statement (2) clearly follows from Lemma 3(2). Proof. Let ∅ = F ⊆ End(X) and |F| < |X|. Take F * to be the subsemigroup of (End(X), •) generated by F, where • is the composition operation. If F is finite, then F * is finite or countably infinite. Since X is uncountable it follows that |F * | < |X|. If F is infinite, then |F * | = |F| < |X|. Chose one element a ∈ X and let
, where f a : X −→ X is the constant mapping that sends every x ∈ X to a. Then for any nonempty set B ⊆ X, if f a (B) ⊆ B for all a ∈ X, then X = B. Therefore Lat(K) = {∅, X} and so κ X ({∅, X}) ≤ |K| = |X|. All these show that κ X ({∅, X}) = |X|. 2
Now we prove the main result of this paper.
Theorem 6. Let X be a finite or countably infinite set. Then for any finite family A ⊆ Sub(X), κ(A) is finite.
Proof. Since the conclusion is clearly true if X is a finite set, we only give the proof for countably infinite sets X. To simplify the argument we take X = IN (the set of all natural numbers) and denote κ N (F) simply by κ(F). Without lose of generality, we assume that IN ∈ A. By rearranging, if necessary, we can let
For each σ ∈ Θ, we assume that
It's easy to see that the following statements are true:
as constructed in the proof of Lemma 3 for each set X σ (note that X σ s are disjoint sets and their F) ) and sô A = Lat(Alg(A)) ⊆ Lat(Alg(Lat(F))) = Lat(F), the last equation holds for any F (see Lemma 1(3) of [9] ).
Now consider the finite family
x ∈ {A i t : t = 1, 2, · · · , k} ∈Â (Â is closed under arbitrary intersections and each A i ∈ A). All these show that C is a union of members ofÂ, thus C ∈Â becauseÂ is closed under arbitrary unions. Hence Lat(F) ⊆Â.
The combination of (1) and (2) implies that Lat(F) =Â. Since |F| is finite, the proof is completed. 
